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The “Mirror”’ Estimate: An Intuitive Predictor of Membrane Polarization
during Extracellular Stimulation

Sébastien Joucla and Blaise Yvert*
CNRS, Université de Bordeaux, UMR5228, Bordeaux, F-33000 France

ABSTRACT Achieving controlled extracellular microstimulation of the central nervous system requires understanding the
membrane response of a neuron to an applied electric field. The “activating function” has been proposed as an intuitive predictor
of membrane polarization during stimulation, but subsequent literature raised several limitations of this estimate. In this study, we
show that, depending on the space constant A, the steady-state solution to the passive cable equation is theoretically well approx-
imated by either the activating function when A is small, or the “mirror” image of the extracellular potential when 4 is large. Using
simulations, we then explore the respective domain of both estimates as a function of 1, stimulus duration, fiber length, and elec-
trode-fiber distance. For realistic A (>50-100 um), the mirror estimate is the best predictor for either long electrode-fiber distances
or short distances (<20-30 um) when stimulus durations exceed a few tens of microseconds. For intermediate distances, the
mirror estimate is all the more valid that the stimulus duration is long and the fiber is short. We also illustrate that this estimate
correctly predicts the steady-state membrane polarization of complex central nervous system arborizations. In conclusion, the
mirror estimate can often be preferred to the activating function to intuitively predict membrane polarization during extracellular

stimulation.

INTRODUCTION

Extracellular electrical stimulation of excitable tissues has
been used empirically for decades, both with fundamental
and clinical goals. New advances in microelectrode arrays
allowing to interface large neural networks with hundreds of
recording and stimulating sites have triggered a strong
enthusiasm in finding pertinent paradigms of extracellular mi-
crostimulation to modify, and even control, the dynamics and
plasticity of neural networks. To address this question, the first
step is to understand the direct effect of an extracellular
stimulation on the membrane response of a single cell within
the tissue. In this respect, many studies have been carried out
to highlight the effect of electric and magnetic stimulations on
the membrane polarization of excitable cells (1-31). Simula-
tion approaches require the calculation of 1), the potential field
generated in the tissue by a stimulus; and 2), the membrane
response of the cell to this potential field. The first computa-
tion of the potential field can be done either analytically in
simple geometrical cases (32-34) or numerically for more
realistic geometries (30,35-37). This study will focus on the
second computation, namely the prediction of membrane
polarization from a known potential field. Originally, a cable
equation formalism was proposed by McNeal (2) and further
extended by Rattay (3). These pioneering works have shown
that the temporal and spatial variations of the membrane
potential are driven by an equation (see Eq. 2), the source
term of which is proportional to the second derivative of
the extracellular potential field along the fiber, and called
the ““activating function”. The activating function has then
been considered as a predictor of the subthreshold membrane
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polarization at the beginning of a stimulation (3,5,20). The
advantage of this approach is to provide a simple and intuitive
estimate of excitation and inhibition sites along the fiber,
without requiring a full knowledge of biophysical properties
of the cell. However, subsequent studies (8,12,15,38,39)
have pointed out several limitations of the activating function
in being an accurate predictor of the membrane polarization.
This is due to the importance of longitudinal currents that
are neglected when considering the activating function as
the solution to the cable equation, and to boundary fields
playing an important role at the fiber terminations. These limi-
tations come from the fact that, although the activating func-
tion drives the cable equation, this quantity is not usually the
solution to this equation, except far from the edges (hence for
sufficiently long fibers) and at the stimulus onset when longi-
tudinal currents have no strong influence.

In this study, we show that a very simple analytical steady-
state solution to the cable equation can often be used as an
alternative to the activating function to intuitively estimate
the membrane potential of a finite fiber in response to an
extracellular potential field. This estimate is given by the
opposite of the extracellular potential field, centered on its
spatial mean value along the fiber, and will thus be referred
to as the “mirror” estimate. In a first step, we show that,
theoretically, the steady-state membrane profile depends
strongly on the fiber space constant: the membrane voltage
is best reflected either by the activating function for *‘small
enough’’ space constants, or by the mirror solution for “‘large
enough” space constants. In a second step, by solving
numerically the cable equation, we examine the domains—
in terms of space constants, stimulation durations, fiber
lengths, and electrode-fiber distances—where either the
mirror or the activating function estimates are most adequate.
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We show that the mirror domain includes a wide range of
these parameters encountered in practice, and that this simple
analytical estimate can often be used advantageously in prac-
tice to intuitively predict the response of a finite fiber as well
as complex neuronal structures subject to extracellular stim-
ulation.

THEORETICAL BACKGROUND

We derive the steady-state solution to the cable equation for
a passive uniform unmyelinated fiber of finite length L, com-
partmentalized in N 4 1 segments (k= 0...N, Fig. 1). Table 1
summarizes the meaning of each variable used in this study.
Each compartment is modeled by an equivalent electrical
circuit representing both the membrane and the intracellular
medium. The classic cable equation is obtained by applying
Kirchhoff’s Current Law, at a given node k, which expresses
that the sum of currents flowing through the membrane equals
the sum of intracellular currents.

Cable equation within the fiber

Within the fiber, at any node kin 1..
the following relation:

.N — 1, this law leads to
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where V& and V&%, stand for the intra- and extracellular
potentials, respectively, C% for the membrane capacitance,
G % for the leakage conductance, and R** for the resis-
tance between compartments k& and k + 1. For a uniform
fiber, as considered in this study, these membrane parameters
are identical for all compartments k, and can be expressed as
functions of surface and linear quantities: C,, = ¢, X T X
d><AS,G1=g1><TC><d><AS,R=pi><4XAS/(TCXdz).

By considering the reduced membrane potential (i.e., the
variations of the membrane potential around its resting
value) Vi, = Vine — Vexe — Vi, and defining the membrane
time constant 7 = c,,/g; and the fiber space constant A =
[d/(4 x p; x gl)]l/z, Eq. 1 becomes:
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Equation 2 shows that, within the fiber, the membrane
potential is the solution of a set of ordinary differential
equations whose source term (on the right-hand side) is
proportional to the discrete second derivative of the extra-
cellular potential in the direction of the fiber. Following
the definition of Rattay (5), this source term will be
referred to as activating function and noted f, in the
following.

Boundary equations

In the case of a finite fiber, Eq. 2 should be modified at the
fiber terminations. A common assumption is that the ends
of the fiber are ‘‘sealed” so that no axial current exit the
fiber from compartments £k = 0 and k = N (8,16,40).
This assumption leads to the following boundary equa-
tions:

av) —yvO 4 y)
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—Viu + Vi
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- _
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Equation 3 shows that, at the sealed ends, the source term
is not related to the second, but to the first difference of
the extracellular potential. For this reason, the response
of a finite fiber is likely to be different from that of an in-
finite fiber.

Steady-state solution

At the steady state of the stimulation, when the membrane
potential does not vary anymore with time, the capacitive
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Vext V Ve
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FIGURE 1

Schematic cable representation of the uniform passive fiber used in this study. The fiber is divided in N + 1 compartments of equal length As,

each of which is modeled by an equivalent circuit consisting of a capacitance C,, in parallel with a leakage conductance G, (in series with the resting potential
V). Each compartment connects its neighbors through an intracellular resistance R. The fiber is sealed at its terminations, so that no longitudinal current exit the
fiber at compartments 0 and N. Vj,,, and V¢, stand for the intracellular and extracellular potentials, respectively.
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TABLE 1 Symbols and terms used in this study

Symbol Definition Usual unit

Cta Matching criterion between the No dimension
membrane potential and the (within [—1,1])
activating function estimate

Cm Surface membrane capacitance uF/cm?

Cn Compartment membrane capacitance uF

C mirror Matching criterion between No dimension
the membrane potential and (within [—1,1])
the mirror estimate

d Fiber diameter um

D Electrode-fiber distance um

As Compartment length um

E Electric field mV/mm

fa Activating function (= 22 X 0%Vert/35%) mV

g Surface leakage conductance S/em?

G, Compartment leakage conductance S

1 Current injected through HA
the stimulation electrode

k Compartment number No dimension

L Fiber length um

A Fiber space constant um
(= [di4 % pi x g)I'")

A A value at the frontier between um
the f, domain and the mirror domain

mirror Opposite of the extracellular mV
potential (—V,y,) centered on its
spatial mean ((Vex))

N+1 Number of compartments No dimension

r Electrode-compartment distance um

R, R® Compartment intracellular resistance Q

RUKFD Intercompartment resistance Q
(= [R® 4 R&+D})

Rsa Amplitude ratio between the No dimension
membrane potential and the activating (within [0,1])
function, at the center of the fiber

R irror Amplitude ratio between No dimension
the membrane potential (within [0,1])
and the mirror, at the center
of the fiber

pi Intracellular medium resistivity Q X cm

K Axial coordinate along the fiber um

4 Extracellular medium conductivity S/m

t Time us

T Fiber membrane time constant us
(= Cm/gl)

Vext Extracellular potential mV

(Vexe) Mean of the extracellular potential mV
along the fiber

Vine Intracellular potential mV

Vi Reduced membrane potential mV
(= Vine = Vexe = Vo)

Vi Membrane resting potential mV

term can be dropped, and the system of Eqgs. 2 and 3 depends
only on the fiber space constant A:
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In general, except for very simple geometrical configura-
tions, there are no analytical solutions to these equations.
However, we can consider two cases for which a general
analytical solution exists, corresponding to either A small
enough or A large enough, respectively.

Case 1: small enough space constant A (the
activating function estimate)

For small values of A, the V,, spatial derivative terms in the
left-hand side of Eq. 4a—c can be neglected compared with
the V,,, term. In this case, the profile of V,; directly follows
that of the source term f,, within the fiber. At the fiber termi-
nations, the membrane potential is driven by the first differ-
ence of the extracellular potential. In the case of high Vi
gradients, the resulting V,, response at the fiber ends will
greatly differ from that within the fiber. By definition of
the space constant A, the boundary behavior of the fiber
will not affect the V,, profile on more than a few 4 (typically
<5). Hence, in this case, the steady-state solution, away from
the terminals, corresponds to the classical activating func-
tion, which has usually been considered to depict the initial
membrane polarization at the onset of the stimulation (3).

Case 2: large enough space constant A (the mirror
estimate)

Conversely, for high values of A, the V,, spatial derivative
terms in Eq. 4 become preponderant and the V, term can
be dropped. In this case, the system of Eq. 4 becomes:

Y=l o oy oyt D)

= Vv,
VY VY = VS -V (5b)
—V Ve = v -V (50)
A trivial solution of Eq. 5a is:
VD = v e x k x As 4 o (©6)

Contrary to Case 1, because 4 is high, the boundary condi-
tions significantly affect the whole fiber response. Indeed,
introducing Eq. 6 into boundary Eq. 5b or Eq. 5c leads to
¢y X As = 0, and thus, ¢; = 0. Moreover, summing all

Egs. 4 leads to:
N
E (k) —
k:on =0, 7
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irrespective of the value of A. This equation reflects the fact
that all current flowing into the neuron must flow out. By
combining Eqs. 6 and 7, we show that the constant ¢, equals
the mean value of the extracellular potential field along the
fiber. Finally, the complete expression of V,,, becomes:

: 1 &
VW = Vil + oo Vi = =Vl + (Vo). ®

For a continuous fiber of length L, this expression becomes:
L/2

Vin(s) = —Veul(s) +I% / Vext(s) ds

s=-L/2

- _Vext(s) + <Vext>~ (9)

This simple steady-state expression of V,,, shows that for suffi-
ciently long space constants, the response of the fiber is the
mirror of the extracellular potential field, centered on its
mean value along the fiber. Determining zones of depolariza-
tion and hyperpolarization of the membrane using Eq. 9 then
becomes intuitive, for only the knowledge of V.,—and not
that of its spatial derivatives—is necessary. Note that, in
this case, the intracellular potential across all compartments
is the same and equals the mean extracellular potential.

Extension to neurons

The mirror concept derived above for unmyelinated uniform
fibers can be extended to neurons presenting branching
points or nonuniformity in diameter, leakage conductance
density, or intracellular resistivity.

At a branching point k, with neighbors k,, k;, and k,,
Eq. 4a is indeed modified as:

Vi) —3 x v 4 yk) 4 ylk)

v 2% x
m AS2
(ko) (k) (k1) (k2)
Vat, —3 XV, Vv, 1%
— A2 % ext ezsj_ ext + ext , (10)

and, with the same approach as above, we can show that the
mirror Eq. 8 remains valid.

In the case of a nonuniform fiber or neuron, A differs from
one compartment to another, and it can be shown (see
Appendix) that the membrane potential is the mirror of the
extracellular potential centered on its mean value along the
fiber weighted by the inverse of A*:

5 Veuls)/A(5) s
Vm(S) = _Vex[<s) + ‘[_ Lz .

ff: L I/A(s)zds

2

This latter expression should be used for instance when
taking into account the cell body with a larger diameter or
when the distribution of leakage conductance is nonuniform
over the neuron.
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From these formulations, we thus predict that the value of the
space constant of the fiber (that ranges typically from 100 to
2000 um in practice) strongly influences which estimate
(activating function or mirror) best predicts the membrane
polarization at the steady state of an extracellular stimulation.

METHODS

Using numerical simulations, we examined the respective domain of validity
of each estimate in the case of a passive unmyelinated fiber, in terms of space
constant values and stimulation durations. We also determined how the fiber
length and the electrode-fiber distance alter these domains. We finally tested
the validity of either estimate in the case of two realistic central nervous
system (CNS) neurons. The system of Egs. 2 and 3 was solved using the
NEURON software, v6.1 (41).

Passive unmyelinated fiber

Unless otherwise stated, simulations were carried out with a reference
configuration consisting of a 1-um diameter and 1000-um-long sealed-end
fiber, with the center located 10 um from a point-source stimulation elec-
trode (Fig. 2). The fiber was uniformly discretized in compartments of equal
length. Each compartment was assigned identical electrical characteristics:
the surface capacitance was set to its classical value (¢, = 1 ,uF/cmz), the
intracellular resistivity was set to p; = 100 Q x cm, which is within the range
33-300 Q x cm of values used in the literature (19,21,25,31,42). We also
tested the influence of the space constant value, the fiber length, and the elec-
trode-fiber distance. When varying the space constant value, the value of the
leakage surface conductance was adjusted to adapt to the desired value of A
(&1 =d/(3® x 4 x py).

Realistic neurons

We also tested the validity of the mirror estimate for two realistically recon-
structed compartment models taken from the literature (43) and obtained
from ModelDB (accession number 2488). One model corresponded to a
neocortical stellate cell having a rather compact morphology (see Fig. 7 Al),
whereas the other model corresponded to a pyramidal neuron having a more
elongated arborization (see Fig. 7 BI). Because we focused on the passive
responses of these cells to a stimulation, all original active conductances of
these models were removed. The passive properties of these cells were left
unchanged: c¢;,, = 0.75 uFfem?, g1 = 1/30,000 S/cm?, p; = 150 Q x cm.
The average space constant values were 637 £+ 161 um (range, 353—
3391 um) for the stellate neuron and 653 + 240 um (range, 387-3536 um)
for the pyramidal cell.

Extracellular potential field

Unless otherwise stated, we considered a point-source electrode delivering
a cathodic current (/ = —1 pA) in the extracellular space, which was
modeled as a uniform conductive medium (¢ = 0.3 S/m). The resulting
extracellular potential field, created at a distance r from the electrode, was
thus given by the relation:

1

Vex =
() 4 X mTX0XT

(12)
For each fiber compartment, the distance r was calculated between the loca-
tion of the electrode (in front of the middle of the fiber) and the center of the
compartment.

We also tested how the two estimates behave in the case of a uniform elec-
tric field (£ = —10 mV/mm) oriented in the direction of the fiber (Fig. 2 B).

In the NEURON environment, the extracellular stimulation can be
modeled either through the extracellular mechanism or through IClamp
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A point-source extracellular stimulation
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steady-state response, A = 1000 um
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point processes. In the first case, the value of the extracellular potential cor-
responding to the compartment location is assigned at the center of the
compartment. In the second case, the corresponding intracellular current is
equal to the second finite difference of the extracellular potential, divided
by the intercompartment resistance (see Eq. 1). We verified that both
approaches gave identical results, and chose the second one because it
allowed an easier use of adaptive time step integrators to solve the cable
equation (see below). For the realistic simulations of Fig. 7, we used the
extracellular mechanism with a fixed time step of 1 us.

Stimulation time courses consisted of square pulse stimuli of different
durations. Before the stimulation, the intracellular current, as well as the
reduced membrane potential, was set to 0 for all compartments.

Numerical accuracy of the cable equation
integration

The computational errors in the numerical resolution of the cable equation
were minimized by choosing appropriate time and space discretization.
The numerical errors arising from the time integration were optimized using
the adaptive time scheme provided by NEURON (Cvode). In all simulations,
we used the implicit backward Euler method (default, second order = 0).
Regarding the spatial compartmentalization, we used a space step compat-
ible with the steepness of the activating function (of the order of the micron)
and adapted to the space constant A and to the length L of the fiber:
As = min(1, L/1000, 4/10). With this space- and time-discretization, the
membrane potential differed by <1% from that computed with a twice finer
compartmentalization and a 0.1-us time step.

Evaluation of the estimates

To quantify the closeness of the membrane potential to either the activating
function or the mirror of the extracellular potential, we calculated a matching
quantity between the membrane potential profile and each of the estimates,
both at the steady state and at different stimulation times. These matching
criteria, referred to as Cg, and Cpyirror, in the following, are defined as:

(Vin fa)

) (13a)
Vi Ve) % Vo) )

Cp, =

(Vin, mirror)
WV, V) X (mirror, mirror)

Cmirror -

(13b)

A perfect match between an estimate and the membrane polarization would
lead to C = 1. It should be noted that, when values are centered with respect
to their mean, C equals the classical correlation. This is always verified for
Cirror» because the mirror estimate is centered (by definition) and so is the
membrane polarization V,, (Eq. 7). By contrast, the activating function is not
necessary centered and may even be unipolar over the whole fiber.

The best adequacy of either the activating function or the mirror estimate,
was assessed by determining which estimate gave the highest matching
criterion C. Although these criteria did not account for differences in ampli-
tude, the estimate leading to the highest C best predicted the zones of depo-
larization and hyperpolarization of the fiber. Hence, when exploring
different parameter values, the ‘“‘domain” of an estimate was defined as
the domain of parameters for which this estimate gave the highest C value.
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We also assessed the accuracy of prediction of the membrane polarization
amplitude. For this purpose, we computed the ratio between the membrane
potential and each of the estimates at the center of the fiber, where the
membrane polarization was maximal. These quantities are referred to as
Ria (= Vilf) and Ryirror (= Vin/mirror), in the following.

RESULTS

We predicted that, at the steady state, the spatial distribution
of the membrane potential would be related either to the acti-
vating function, or to the mirror of the extracellular electrical
potential, depending on whether the fiber space constant A
was “‘sufficiently low” or ‘““sufficiently high”. As shown in
Fig. 2 A for our reference fiber (1-mm long, 1-um diameter,
point source electrode at 10 um), numerical simulations
confirmed this prediction: although the membrane polariza-
tion follows the activating function when A = 1 um (Cy, =
1.00 and Ry, = 0.93, whereas Cimor = 0.33 and R iror =
0.01), it is the exact mirror of the potential field when
A = 1000 um (Cpimror = 1.00 and R, iror = 1.00, whereas
Cr, = 0.33 and R, = 0.00009). Consequently, the membrane
potential profiles differ both in shape and amplitude, depend-
ing on the value of A. In this example, when A = 1000 um,
the mirror profile is much wider than the activating function
one (the sites of hyperpolarization are different), and its
amplitude at the peak is much higher (~100 times higher).
In the case of the uniform electric field stimulation, illustrated
in Fig. 2 B, similar results were obtained: For a small A (= 1
um), the best predictor is the activating function (that is zero),
except near the ends of the fiber, where it fails to predict the
very local hyperpolarization at one end and depolarization at
the other end (these polarizations being due to the nonzero
extracellular voltage gradient at the terminals). As A increases,
these terminal polarizations invade more and more the fiber,
until the whole membrane polarization becomes linear
from one end to the other. This situation is reached for A =
1000 um, in which case the mirror estimate gives an excellent
prediction of the membrane polarization (Cyjror = 1.00).

We explore in more detail the domains where either the
activating function or the mirror estimate is most adequate,
in terms of A values, stimulus durations, fiber lengths, and
electrode-fiber distances.

Influence of the space constant A

In Fig. 3, we further assess the influence of the fiber space
constant on the adequacy between the steady-state V,,, profile
and either estimate. As shown in Fig. 3 A, the matching crite-
rion Cy, decreases as the space constant of the fiber increases
(thin gray curve). Conversely, C iror increases for increasing
values of A (thick black curve). In the case of our reference
fiber, the activating function is a better predictor of the
membrane polarization when A < 22 um, whereas for higher
space constant values, the mirror estimate is more accurate.
This frontier value A = 22 um thus separates the domains of
validity of the activating function and of the mirror estimates.

Biophysical Journal 96(9) 3495-3508
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FIGURE 3 Influence of the fiber space constant on the best adequacy of
either the activating function or the mirror estimates at the steady state
(L = 1000 um, D = 10 um). The quality of the steady-state estimation of
Vin by either f, or the mirror of V., for the same configuration as in
Fig. 2, is quantified by two criteria: (A) the matching criterion C between
the profile of V,,, and either estimate; and (B) the amplitude ratio R between
V., and either estimate, at the middle of the fiber. The domain of each esti-
mate is defined as the range of A values for which the matching criterion C of
this estimate is the highest. The activating function estimate (thin gray line)
is best for small space constants, whereas the mirror estimate (thick black
line) is best for higher space constants. In this example, the frontier between
the two domains corresponds to Ay = 22 um.

It should be noted that the matching criteria C, and Cyirror
reflect shape similarities but do not account for any overall
scaling ratio between the membrane potential and either esti-
mates. We thus further determined the accuracy of the predic-
tion of the membrane polarization amplitude (Fig. 3 B). Glob-
ally, a high matching criterion is accompanied by a high
amplitude ratio and the monotony of the Ry, and R ;;ror CUrves
is identical to that of Cg, and Cpiror, respectively. In this
example, the mirror estimate better predicts the amplitude of
the membrane polarization for A > 10 um, this prediction
overreaching 95% accuracy for A > 250 um.

In this study, our main interest was to quantify the global
adequacy of the activating function and the mirror estimates
with the membrane potential, which was better emphasized
by a global measure taking into account the whole spatial
response of the fiber, than by a local value of the membrane
potential. Thus, we will only refer to the matching criteria Cy,
and Cyirror to determine the respective domains of either esti-
mate and to quantify how these domains vary as a function of
the stimulus duration, the fiber length and the electrode-fiber
distance.
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FIGURE 4 From the activating function to the mirror estimate: influence
of the stimulation duration (L = 1000 um, D = 10 um). Isolines are plotted
as a function of the stimulus duration and the fiber space constant. Matching
criteria between V,,, and f,, (thin gray lines) or between V,,, and the mirror of
Vext (thick black lines) are shown, whichever is the highest. The gray dotted
line shows the frontier between the activating function and the
mirror domains (A¢). The f, domain is restricted to short stimulations or small
space constants, whereas the mirror domain (shaded area) includes
a large class of stimulation durations and fiber space constants encountered
in practice.

Influence of the stimulus duration

The two estimates being steady-state solutions of the cable
equation, they are theoretically valid only for infinitely long
stimulations. However, in practice, stimulations have a finite
duration. We thus determined the influence of the stimulation
duration on the matching criteria Cr,(4) and Ciror(4), as well
as on the frontier value A; separating the activating function
and mirror domains. This is illustrated in Fig. 4, which is an
extension of Fig. 3 A for different stimulation durations. In
Fig. 4, isolines represent isovalues of Cy, (thin gray lines) or
Cmirror (thick black lines), whichever is higher for each given
pair of values of A and stimulation duration. The dotted line
(on which Cy, = Cior) Separates the domains where either
the activating function or the mirror estimate was a best
predictor. It thus represents how A; varies as a function of
the stimulus duration. The mirror domain encompasses stim-
ulations longer than 25 us and space constant larger than 30
wm.

We have shown previously how the activating function
and mirror domains evolved for different space constants
and stimulation durations in the case of our reference fiber
(1000-um-long, located 10 um from the point-source elec-
trode). Below, we determine the influence of the fiber length
and the electrode-fiber distance on these particular domains.

Influence of the fiber length

Fig. 5 A shows the influence of the fiber length on the respec-
tive validity of both the mirror and the activating function
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FIGURE 5 From the activating function to the mirror estimate: influence
of the fiber length (D = 10 um). (A) Influence of the fiber length L on the f;,
and mirror domains, at the steady state. The thin gray (respectively thick
black) line corresponds to a matching criterion of 0.99 between V,,, and f,
(respectively, the mirror of V.y). The black dotted line in between delimits
the frontier A; between both domains (the mirror domain is shaded). The
matching criterion between V,, and the mirror estimate always exceeds
0.99 as long as A > L/4 (black dashed line). (B) Time-dependent evolution
of A¢ until the steady state is reached.

estimates at the steady state. Gray and black lines in Fig. 5
A represent 99% matching values for Cy, and Cjiror, TESPEC-
tively. It can be seen that 99% matching between V;, and the
activating function is reached for small space constant values
A < 2.2 um for any fiber length >150 um. By contrast, 99%
matching between V,,, and the mirror estimate is reached for
values of 4 that increase with the fiber length L. As a rule of
thumb, 99% mirror matching is reached for A ~ L/4 (Fig. 5 A,
black dashed line). Moreover, the black dotted line in Fig. 5
A shows the frontier value A; separating the two domains as
a function of the fiber length (the mirror domain is shaded). It
can be seen that A; only slightly increases as the fiber length
increases (from A = 7 um when L = 100 ym to A = 28 um
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FIGURE 6 From the activating function to the mirror estimate: combined
influence of the fiber length and electrode-fiber distance. The frontier between
the mirror and the activating function domains is plotted as a function of the
electrode-fiber distance and fiber length for different stimulus durations. Two
different space constant values are considered, corresponding to typical
values encountered in the literature: (A) 100 um; (B) 1000 um. The mirror
domain encompasses both large (>0.23 x L) distances irrespective of the
stimulus duration and the fiber length, and small (<20-30 um) distances as
long as the stimulus duration exceeds a few tens of microseconds. For a given
fiber length, the activating function domain only encompasses a restricted
range of intermediate distances, this range shrinking for increasing stimulus
durations.

when L = 10 mm), and that the mirror estimate is a better
predictor of the steady-state membrane potential when A
exceeds 28 um.

These results were obtained by considering the membrane
potential at the steady state, assuming a sufficiently long stim-
ulus duration. We next evaluated how the A-frontier varied
with the stimulus duration. As shown in Fig. 5 B, this frontier
remains similar to that obtained at the steady state, as long as
the stimulus duration remains >30 us. For smaller durations,
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the mirror domain shrinks to the left, meaning that this esti-
mate remains a better predictor only for smaller fiber lengths
(and A > 30 pum).

Influence of the electrode-fiber distance

We also determined the influence of the electrode-fiber
distance on the activating function and mirror domains
(Fig. 6). For this purpose, the frontier between both domains
was determined for different stimulus durations as a function
of both the fiber length and the electrode-fiber distance. This
was done for two given space constants corresponding to
typical values encountered in the literature (A = 100 um in
Fig. 6 A and A = 1000 um in Fig. 6 B).

We found that the mirror estimate was always the best
predictor for large distances (>0.23 x L), irrespective of
the stimulus duration and the space constant. The mirror esti-
mate was also the best predictor for small electrode-fiber
distances (<20-30 um) even for very long fibers, provided
that the stimulus duration exceeded a few tens of microsec-
onds. For intermediate distances, the mirror estimate is all
the more valid that the stimulus duration is long and the fiber
length is small. For the example of 100-us pulses (as often
encountered in practice), the mirror estimate is a better
predictor of the membrane potential than the activating func-
tion for fibers having lengths up to 600 um, irrespective of
the electrode-fiber distance, whereas for longer fibers, there
is a restricted range of distances for which the activating
function is the best predictor. For longer pulses, the mirror
domain extends to longer fibers. Moreover, it might be worth
noting that for very long stimulations (several ms), the
domain of the activating function dramatically shrinks
when the space constant is high (Fig. 6 B). Also, by
comparing Fig. 6, A and B, it can be seen that when A =
1000 um, the time needed to reach the steady-state domain
frontier for long fibers is much longer (~100 ms) than
when A = 100 um (~1 ms). This is due to the fact that
increasing A is achieved by decreasing the surface leakage
conductance, hence increasing the membrane time constant.

Case of realistic geometries

We finally verified that the mirror estimate can indeed be used
to predict membrane polarization of the whole arborization of
realistically reconstructed passive cortical neurons (Fig. 7).
We tested the case of a compact stellate cell (Fig. 7 Al) and
that of a more elongated pyramidal cell (Fig. 7 BI). Fig. 7,
A2 and B2, illustrate, for each cell, the extracellular voltage
(top) and the steady-state membrane polarization (bottom),
for all the compartments. As further illustrated in Fig. 7, A3
and B3, the steady-state polarization of the neuron closely
matched the mirror estimate in both cases (Cpiror = 1.00
for the stellate cell, and Cjror = 0.97 for the pyramidal
cell). We checked that considering the sodium and potassium
voltage-dependent conductances at rest would have decreased
the compartments’ space constants by <10%, and thus would
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not have strongly changed these results. We also found that
the steady state was reached faster for the compact arboriza-
tion (Cpirror reaches 0.99 in ~2.5 ms) than for the elongated
one (Cpimor reaches 0.96 in ~25 ms). The evolution of the
matching quantity C,;.or With time shows that the mirror esti-
mate is a better predictor of the membrane polarization than
the activating function for stimulus durations >10 us for the
compact stellate neuron and 22 us for the larger pyramidal
cell (Fig. 7, A4 and B4).

DISCUSSION

Since the pioneering works of McNeal (2) and Rattay (3,5),
the activating function has become a widely accepted
predictor of membrane polarization for neurons or fibers
subject to an extracellular electric or magnetic stimulation,
and has been validated on numerical simulations (20).
Hence, the results of this study (showing that the mirror esti-
mate is a better predictor of membrane polarization than the
activating function in several cases) may seem contradictory
with the literature.

However, other previous studies have already pointed out
that the activating function could not explain the membrane
polarization in all cases (8,38). The limitations of this esti-
mate stem from two facts. First, the activating function is
really the source term that drives the temporal evolution of
the membrane potential, but is generally not itself the solu-
tion to the cable equation. Hence, except at the very begin-
ning of the stimulation (when intracellular currents are small
compared with membrane currents) or for extremely (and
unrealistically) small space constants (Figs. 2-5), the mem-
brane potential cannot generally be approximated by the acti-
vating function source term (12). In the case of infinite fibers,
Vi should actually be considered as a low-pass-filtered
image of this quantity (39). Second, in the practical case of
finite structures, boundary source terms are not related to
the activating function but to the gradients of the extracel-
lular field, which can greatly modify the fiber response
(8,15). For instance, linear potential fields have been shown
theoretically (8) and experimentally (38) to be able to depo-
larize finite fibers, although the activating function is zero in
this case. This is due to the fact that the boundary source
terms are not equal to zero (Fig. 2 B).

To overcome these limitations, an alternative is to derive
analytical solutions to the cable equation (4,7,18,39).
However, this can only be achieved in cases of particular
geometries, and such solutions become often non intuitive.
Hence, although modifications of the activating function
have also been derived (12,44), no general and intuitive
estimate of the solution to the cable equation has been
proposed so far as an alternative to the activating function
concept.

In this study, we proposed a simple estimate of
membrane polarization of a finite fiber during an extracel-
lular stimulation, called mirror estimate. Considering finite
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unmyelinated passive fibers, we theoretically showed that,
depending on the fiber space constant A, the steady-state
membrane polarization was best predicted either by the
activating function (when 4 is small) or by the mirror esti-
mate (when A is large). The derivation of the analytical
expression of the mirror solution, which is given by the
opposite of the extracellular potential centered on its
mean spatial value, is based on Eq. 7, which in turn stems
from the choice of sealed-end boundary conditions. This
choice, which is the one made in most theoretical and
numerical studies, has been shown by Rubinstein (16) to
be adequate for high space constants.

Following Eq. 9, the mirror estimate is theoretically valid
for any extracellular potential field. It applies especially in
the case of a uniform electric field E oriented in the direction
of the fiber, which creates a linear potential field (Fig. 2 B).
This is apparently in contradiction with a result of Coburn (6)
reporting that the terminal polarizations of a fiber in the case
of uniform field E are given by +F x A. By contrast, the
mirror estimate suggests that the terminal polarizations be
independent of A. We thus checked the evolution of the
terminal polarization as a function of A in the case of our
I-mm-long fiber (data not shown). We found that the
terminal polarization indeed linearly increases with A for
values of A smaller than ~200 um, but that for higher values,
the amplitude of the polarization stagnates to £ x L/2 and no
longer depends on A. Thus, this linear relation does not apply
for large space constants (i.e., when the mirror estimate
applies). It should also be noted that in this case of a uniform
field, the analytical mirror formulation simplifies to: V,(s) =
E xsfor—L/2 < s < L/2.

An interesting feature of the membrane polarization
during stimulation is given by Eq. 7: the average polarization
along the fiber is zero. As a consequence, an electrical stim-
ulation always creates zones of depolarization and hyperpo-
larization. This is also what the mirror estimate predicts,
because this quantity is by definition centered with respect
to its mean over the morphology. By contrast, the activating
function is not generally centered, and may even be unipolar
along the whole fiber, for example predicting a global depo-
larization of the whole fiber. This is especially the case for
electrode-to-fiber distances above 0.70 times the fiber length,
for which the activating function will always fail to predict
zones of depolarization and hyperpolarization.

Given the two steady-state analytical estimates, our main
goal was to determine numerically their respective domain
of validity. For a point-source electrode located at 10 um
from the fiber, the frontier value A; between both domains
was of the order of 20 um (Fig. 3), and this was almost inde-
pendent of the fiber lengths considered in this study,
provided that the stimulation duration was >~30 us
(Fig. 5). It is interesting to note that, depending on the type
of tissue, typical space constant values for unmyelinated
fibers are within the range of 100-2000 um (21,31,45,46),
which should thus make the mirror estimate generally valid
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FIGURE 7 From the activating function to the mirror estimate: case of realistic cortical neurons. Realistic compartmentalized morphologies of cat visual
cortex neurons are considered (a layer IV spiny stellate in A;, a layer V pyramid in B;, both taken from the literature (43)). In both cases, a cathodic stimulation
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in practice. As a rule of thumb, we found that the mirror esti-
mate reaches a 99% matching with the actual steady-state
solution for space constant values >25% of the fiber length
(Fig. 5 A).

The purpose of this study was not to provide an exact
prediction of the membrane potential profile during stimula-
tion, but really to propose another intuitive estimate when the
activating function was not adequate to predict membrane
polarization. For this reason, we found interesting to
examine the evolution of the frontier value (4;), above which
the mirror estimator best predicts the membrane potential
profile. Although the mirror domain is wider than the domain
of parameters leading to a perfect match (e.g., >99%)
between V,,, and the mirror profile, it should be noted that,
at the frontier between the two domains, the matching crite-
rion is within the range 50%-92%. Moreover, the mirror
approximation improves for increasing space constants and
increasing stimulus durations. For instance, for our reference
configuration and for space constants higher than 200 um,
Cmirror 18 65% at the frontier (for a stimulation duration of
18 us) and exceeds 88% as soon as the stimulation lasts
more than 200 us (Fig. 4), which corresponds to typical
experimental situations.

Previous activating function studies (3,5,20) have dealt
mainly with electrode-fiber distances of the order of 1 mm,
and it has been pointed out previously that the activating func-
tion fails to accurately predict the membrane polarization for
short distances of the order of 50 um (8,18,39). Here, we
spanned a wide range of distances, including smaller
distances (down to 10 um), which are likely to occur when
using microelectrode arrays in direct contact with a neural
tissue, either in vitro or in vivo. We found that the elec-
trode-fiber distance has in fact a strong influence on the fron-
tier between the mirror and activating function domains
(Fig. 6). In particular, for typical space constants encountered
in practice (>50-100 um; Figs. 5 and 6), the mirror estimate is
always more suitable for long distances (> 0.23 X L) irrespec-
tive of stimulus duration or fiber length, and also for short
distances (<20-30 wm) when stimulus durations exceed
a few tens of microseconds. For intermediate distances, the
mirror estimate is all the more valid that the stimulus duration
is long and the fiber is small (typically, for 100-us pulses, the
mirror estimate is best for fiber lengths <600 um). Indeed, as
shown in Fig. 6, for a given fiber length and stimulus duration,
there is a restricted range of intermediate distances for which
the activating function is the best predictor. This range shrinks
and even disappears when either the stimulation duration or
the fiber length increases.
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Interestingly, the mirror estimate was found to be a good
predictor of the membrane polarization at the steady state
for realistic CNS neural morphologies with passive properties
(Fig. 7). It can be seen that the mirror predictor is all the more
valid for small stimulus durations that the morphology is
compact. This simple estimate may thus be useful for the
design of specific microstimulation paradigms and devices
(such as dedicated microelectrode arrays) to achieve the acti-
vation of specific regions of neural arborizations in particular
cortical layers or other regions of the CNS.

Although this study focused on unmyelinated fibers, we
may predict that the mirror estimate would still be valid in
the myelinated case. From intracellular or patch-clamp
recordings of myelinated spinal motoneuron (47,48) and
hippocampal pyramidal neurons and interneurons (49-51),
space constant values can be estimated to be of the order
of 55-2000 um for a 1-um-diameter fiber. However, these
experimental values do not take into account the non homo-
geneity of node/internode space constants along the axon,
which is likely to affect the equivalent space constant.
Indeed, for myelinated axons, the node space constant is of
the order of A; = 20 um, whereas the internode space
constant A, is usually considered 30-fold larger (12,16,42).
Modeling studies (11,52) have shown that a myelinated fiber
can be accurately approximated by a uniform fiber of equiv-
alent space constant A given by:

(11 +12) X A% X Ag

A= ,
ILXA§+12XA%

where /; and /, stand for the node and internode lengths,
respectively. Thus, for /;y = 1 um, I, = 200 um, A; = 20 um,
and A, = 600 um, one finds a typical equivalent unmyelin-
ated space constant of 256 um. It is thus expected that the
mirror estimate remains valid for a large class of myelinated
fibers.

In conclusion, these results show that the mirror estimate
can be intuitively used to predict membrane polarization as
an alternative to the activating function for a wide range of
parameters corresponding to many situations encountered
in practice.

APPENDIX

In this appendix, we derive the mirror approximation in the case of a nonuni-
form fiber (Eq. 11). We consider the case where the fiber diameter and the
leakage conductance are different for each compartment k. Equation 1 can
then be rewritten as:

induced extracellular potential field stimulation V., and the steady-state membrane potential V., are plotted as a function of the compartment number (A, B;).
Insets show color-coded representations of Ve, — (Vex) (fop) and of the membrane polarization (bottom) for comparison with respect to the morphology. (A;
and B3) Same data plotted one against the other. In both cases, the steady-state membrane potential follows the mirror estimate very closely (Cpirror = 1.00 in
A3z, Crirror = 0.97 in Bj3). Finally, A; and B, show the evolution of both matching criteria Cpyiror and Cy, as a function of the stimulus duration for each cell.
These plots show that the mirror estimate gives a better prediction of the membrane potential than the activating function estimate as long as the stimulation

duration exceeds a few tens of microseconds.
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Dividing both left- and right-hand sides of Eq. Al by G, and defining the
membrane time constant of compartment k as 7% = C,,®/G,* leads to:
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One can derive an approximation of the G;® x R***" terms for a suffi-
ciently fine discretization of the fiber. By definition,
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Following the same reasoning as the one detailed for a uniform fiber (see
the theoretical section), we derive a simple and general steady-state analyt-
ical solution to the system of Eqs. A5 and A6 in the case where all A% are
large enough. From Eq. AS, the membrane potential is approximated by the
following expression:

V(k)=—£§2+c1><k><As+c2.

m

(AT)

Inserting Eq. A7 into one of the boundary equations A6a or A6b, leads
to ¢; = 0. Furthermore, at the steady state, Eqs. AS and A6 can be
written as:

VY =2 v v

Az As? As?
V(O) _ _Vr(;» + V;(nl) _ Vext + Vext
;{(0)2 As? - As2
VmN) _ Vr(nN + V _ exl Vfg)l(\i 1)
A(N)z As? - As?

Writing d**P = d® + 64 and assuming a fine enough discretization

so that 64" « d® for any compartment , the diameter of compartment
k £ 1 can be approximated by d® at the zeroth order. Equation A3 then
leads to:

4 x p, x g¥ As?

(k) (kk£1) _
Gl X R = d<k) A(k)zv

(A4)

by definition of the space constant of compartment k. Replacing Eq. A4 into
Eq. A2 results in a modified cable equation similar to Eq. 2 of the theoretical
section:

(k—1) __ (k) (k+1)
A0 5 dV n V _ w2y Vi 2 x V) + Vi
dt As?
Vi) =2 x v+ VY
— A(k)z o« Lext Aszext + Vex ' (A5)

Similarly, boundary equations can be derived as follows:
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Summing all equations of this system leads to:
(k)
m

N
Vv
Zu:

which generalizes Eq. 7 obtained in the uniform case. Finally, introducing
Eq. A7 into Eq. A8 leads to:

(A8)

(A9)

In conclusion, in the (general) non uniform case, assuming that all 2% are
large enough, the membrane potential is the mirror of the extracellular poten-
tial centered on its spatial mean value weighted by the squared inverse of the
space constants:

vl = v + (A10)
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which becomes, in the continuous case:
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